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We construct some examples using trees. Some of them are consistent counterexamples for
the discrete reﬂection of certain topological properties. All the properties dealt with here
were already known to be non-discretely reﬂexive if we assume CH and we show that the
same is true assuming the existence of a Suslin tree. In some cases we actually get some
ZFC results. We construct also, using a Suslin tree, a compact space that is pseudo-radial
but it is not discretely generated. With a similar construction, but using an Aronszajn tree,
we present a ZFC space that is ﬁrst countable, ω-bounded but is not strongly ω-bounded,
answering a question of Peter Nyikos.
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1. Introduction
In the past few years, discrete subspaces have been shown to be subspaces that can say much about the whole space.
For instance, we have discretely reﬂexive properties, such as compactness (see [13]): a Hausdorff space X is compact if, and
only if, every discrete subspace of X has compact closure. Some years later, the authors of [1] started systematically study
which properties are reﬂexive and which are not. They also looked for properties that would be discretely reﬂexive in the
particular case of a compact space.
Another kind of property related to discrete subsets is discrete generation. If a space is discretely generated one can
determine the closure of subsets just by looking at the closure of discrete subsets.
Of course not every property is discretely reﬂexive nor is every space discretely generated. Several counterexamples were
given in [1] and in [2], some of them assuming only ZFC, but others assuming also CH.
In this paper, we present some constructions using trees, mainly Suslin trees, that also give counterexamples. Since it is
known that the existence of a Suslin tree is consistent with ¬CH, we conclude that their existence is independent of CH.
We show also that L-spaces are counterexamples for some properties being discretely reﬂexive, so we get some ZFC results.
Also assuming the existence of a Suslin tree, we construct a compact space that is pseudo-radial but not discretely
generated. The only known such spaces were constructed assuming CH (see [1] and [2]).
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776 L.F. Aurichi / Topology and its Applications 156 (2009) 775–782This example, with some modiﬁcations suggested by Nyikos, is shown to be an example which answers his problem
in [9]. Namely, it is a ﬁrst countable space that is ω-bounded but it is not strongly ω-bounded.
Almost all of the examples presented here are based on a topology presented in [10]. All the notation not deﬁned is the
same from [7] or [4].
2. Basic deﬁnitions
We begin with some basic deﬁnitions about trees.
Deﬁnition 2.1. Let T be a tree. We say that R ⊂ T is a branch if R is a maximal chain. An element a ∈ T is a leaf if a is
maximal in T . We say that T is full if every branch on T has a leaf. We use F(T ) to denote the set of all leaves of T . If
t ∈ T , we use l(t) for the ordinal to which {s < t: s ∈ T } is isomorphic. The expression Lξ (T ) (or simply Lξ ) will denote the
set {t ∈ T : l(t) = ξ} and ↓Lξ the set {t ∈ T : l(t)  ξ}. If t ∈ T , we use suc(t) for the set of immediate successors of t , i.e.,
suc(t) = {s > t: l(s) = l(t) + 1}. We will assume that every tree T through this paper has |L0(T )| = 1.
We will now deﬁne the topologies that will be used to construct the examples. Both of them can be found in [10].
Deﬁnition 2.2. For a tree T and t ∈ T , let Vt = {s ∈ T : t  s} and WF = ⋃s∈F V s , where F ⊂ T . We call ﬁne wedge
(shortly FW) the topology on T such that, for every t ∈ T , a local base at t is{
Vt WF : F ⊂ suc(t) is ﬁnite
}
.
The coarse wedge (shortly CW) will be the topology on T for which, for every t ∈ T , a local base at t is{
Vt WF : F ⊂ suc(t) is ﬁnite
}
,
if l(t) is a successor ordinal and{
Vs WF : s < t, the ordinal l(s) is a successor and F ⊂ suc(t) is ﬁnite
}
otherwise.
From now on, every tree T will satisfy the following assumptions:
• if t, s ∈ T are such that l(t) = l(s) is a limit ordinal and {q ∈ T : q < t} = {q ∈ T : q < s}, then t = s;
• if t ∈ T , then suc(t) is either empty or has countably inﬁnite cardinality;
• if t ∈F(T ), then l(t) is a limit ordinal.
Next we deﬁne a simple way to complete a tree; later we will prove that doing so we get compact spaces.
Deﬁnition 2.3. Let T be a tree without leaves. We use sT for the set T ∪ {ar: r is a branch on T }, where each ar /∈ T . We
extend the order on T to sT by deﬁning ar > t if, and only if, t ∈ r.
3. Basic properties
In this section, we will present some properties of our topologies for any tree T . We are especially interested on some
results about the discrete subsets of trees.
Proposition 3.1. Let T be a tree with the FW or the CW topology. Then we have:
(i) if h(T ) = ω1 , then χ(T ) = ω;
(ii) if T is full and C ⊂ T is a non-empty chain, then supC ∈ T ;
(iii) T is Hausdorff ;
(iv) T is zero-dimensional.
Proof. Note that (i) and (ii) are straightforward.
(iii) We will prove the case of the CW topology; the case of the FW topology is similar. Let p,q ∈ T . We have three cases.
First, assume that l(p) and l(q) are successor ordinals. Then we can choose F and G such that (V p WF )∩ (Vq WG) = ∅,
where F = ∅ or F = {s} if there is an s ∈ suc(p) such that p < s q. We choose G in the same way.
If l(p) is a successor ordinal and l(q) is not, then we have two cases. If s < p, just proceed as in the previous case.
Otherwise, pick s < q such that s≮ p. Then Vs ∩ V p = ∅ and q ∈ Vs .
Finally, assume that l(p) and l(q) are both limit ordinals. If they are comparable, proceed as in the ﬁrst case. If not, let s
and t be such that s < p, t < q and s, t are incomparable. Then p ∈ Vs , t ∈ Vq and Vs ∩ Vt = ∅.
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that V p WF is a clopen subset whenever l(p) is a successor ordinal and F is a ﬁnite subset of T such that for every q ∈ F ,
the level of q is a successor ordinal. For this, it suﬃces to show that V p is a clopen subset whenever l(p) is a successor
ordinal. Let q ∈ T be such that q /∈ V p . Then p ≮ q. If q < p, note that V p ∩ (Vt WF ) = ∅ where F = {s}, s ∈ suc(q), s  p
and t  q is such that l(t) is a successor ordinal. Now, if p and q are incomparable, then Vs ∩ V p = ∅ where s  q is such
that l(s) is a successor ordinal and s p. 
The following results will help us relate the discrete subsets to the antichains.
Proposition 3.2. Let T be a tree with the FW topology and let D ⊂ T  F(T ) be a discrete subspace. Then there is an antichain
A ⊂ T F(T ) such that |A| = |D|. Furthermore, the same is true if the topology considered is the CW topology.
Proof. Since D is discrete, for every d ∈ D , there are only ﬁnitely many t ’s in suc(d) such that there is d′ ∈ D with t  d′ .
Hence there exists ad ∈ suc(d) such that ad  d′ for any d′ ∈ D . We will show that A = {ad: d ∈ D} is an antichain. Suppose
not. Then there are ad,ae ∈ A such that ad < ae . Thus d < ad < ae , so e is comparable with d. It is not true that e  d
(because ae ∈ suc(e)). But then, ad  e < ae , which contradicts the hypothesis on ad .
We have the same result for the CW topology because it has fewer open sets than the FW topology. 
Proposition 3.3. Let T be a tree with the CW topology. If D ⊂F(T ) is a discrete subspace, then there is an antichain A on T F(T )
such that |D| = |A|.
Proof. For every d ∈ D , there is e ∈ T such that l(e) is a successor ordinal and Ve ∩ D = {d}. Our aim is to show that the
set of all these e’s is an antichain (which, clearly, is a subset of T  F(T )). It is suﬃcient to show that, if d 	= d′ , e 	= e′ ,
Ve ∩ D = {d} and Ve′ ∩ D = {d′}, then Ve ∩ Ve′ = ∅. Suppose that it is not true. Then there is a ∈ T such that e, e′  a,
so e and e′ are comparable. Without loss of generality, suppose that e < e′ . Hence Ve ⊃ Ve′ and thus d′ ∈ Ve which is
a contradiction. 
We ﬁnish this section showing that when we complete a tree, we get a compact space.
Proposition 3.4. Let T be a full tree with the CW topology. Then T is compact.
Proof. Let X ⊂ T be an inﬁnite set. Let (tξ )ξ<κ be a maximal set with tξ < tη if ξ < η and |Vtξ ∩ X | = |X |. Let
t = sup{tξ : ξ < κ}. We will show that t is a complete accumulation point of X . Consider ﬁrst the case when l(t) is a succes-
sor ordinal. Note that in this case we have t = tα , α + 1 = κ and t cannot be a leaf. Then it follows that, for each s ∈ suc(t),
Vs ∩ X has cardinality smaller than the cardinality of X . Thus, we have |(Vt WF ) ∩ X | = |X | for each ﬁnite F ⊂ suc(t).
Now the second case: l(t) is a limit ordinal. Let s < t where l(s) is a successor ordinal. Then there is tξ > s, hence
Vs ⊃ Vtξ . Thus |X | = |Vs ∩ X | = |(Vs WF ) ∩ X | for every ﬁnite F ⊂ suc(t), since |Va ∩ X | < |X | for every a ∈ suc(t). 
4. Discrete reﬂection
From now on, every tree will be considered with the CW topology. We have seen that the size of the discrete subsets
is related to the size of the antichains. For our examples, it will be important that we have a “large” space with “small”
discrete subspaces. So it is natural to use Suslin trees:
Deﬁnition 4.1. A Suslin tree is a tree with height ω1, without branches of length ω1 and without uncountable antichains.
We will assume also that if T is a Suslin tree, then for all t ∈ T and for all ξ with l(t) < ξ < ω1, there is a p > t such that
l(p) = ξ (see e.g. [7, p. 107]).
The next proposition is the key result for all of our examples and in its proof we use an argument that will be repeated
many times in the rest of this paper.
Proposition 4.2. If T is a Suslin tree and D ⊂ T is a discrete subspace of T , then D is countable.
Proof. From Propositions 3.2 and 3.3, we can see that D is countable. Hence, there is ξ < ω1 such that for any d ∈ D we
have l(d) < ξ . Given a ∈ T , with l(a) ξ + 1, we have a /∈ D . Indeed, if l(a) is a successor ordinal, the neighborhood Va is
a witness for the result. If l(a) is a limit ordinal, it is enough to pick Vt with t < a and l(t) = ξ + 1. Thus there is ξ < ω1
such that D ⊂ {a ∈ T : l(a) < ξ}. Since ξ is countable and each L(ξ) is countable (because it is an antichain), the set D is
countable. 
778 L.F. Aurichi / Topology and its Applications 156 (2009) 775–782We have seen that if T is a full tree, then T is compact. But in the case that T is a Suslin tree, which is not full, we
have:
Corollary 4.3. If T is a Suslin tree, then T is Lindelöf.
Proof. The closure of every discrete subspace of T is countable, so we can apply Shapirovsky’s lemma (see e.g., [6, Proposi-
tion 4.8]). 
Also, we can prove that all compact subsets are bounded in the tree as we show in the next theorem. First, we need
a lemma:
Lemma 4.4. Let T be a Suslin tree and take a set X ⊂ T with |X | = ω1 . Then for any t ∈ T with |Vt ∩ X | = ω1 , there are p,q t such
that p ⊥ q (p and q are incomparable) and |V p ∩ X | = |Vq ∩ X | = ω1 .
Proof. Let t ∈ T be such that |Vt ∩ X | = ω1. Suppose the result is false. Let r be a maximal branch in Vt such that for all
p ∈ r we have |V p ∩ X | = ω1. Note that r is countable and does not have a greatest element. Let ξ = sup{l(p): p ∈ r}. Then
for any p ∈ Vt  r we have |V p ∩ X | < ω1 (by the maximality of r and by our hypothesis). Let A = {q ∈ Vt : l(q)  ξ and
q /∈ r}. Note that A is countable and we will show that
Vt ∩ X ⊂ r ∪
⋃
q∈A
Vq ∩ X . (1)
Since the set on the right side of the sentence is countable, we then have a contradiction. To prove (1), pick x ∈ Vt ∩ X and
suppose x /∈ r. If x p for all p ∈ r, then there is sup r (and sup r /∈ r). It is also true that l(sup r) = ξ and sup r  x. Hence
x ∈ r ∪⋃q∈A Vq ∩ X . If x⊥ p or x p for some p ∈ r, since x /∈ r, there is a q /∈ r such that l(q) ξ and q x. Thus, we have
the result. 
Proposition 4.5. Let T be a Suslin tree. If C ⊂ T is compact, then C is countable.
Proof. Suppose not, then |C | = ω1. We will construct, by induction on n 1, fn : 2n → T such that:
(i) if s ∈ 2n then fn+1(s0), fn+1(s1) > fn(s) are incomparable,
(ii) |V fn(s) ∩ C | = ω1 for any s ∈ 2n ,
(iii) l( fn(s)) is a successor ordinal for any s ∈ 2n .
Let f0(∅) = ∅. Now suppose fn was already deﬁned and we will deﬁne fn+1. Fix s ∈ 2n+1. Since |V fn(s) ∩ C | = ω1 and T
does not have branches of length ω1, there are c,d ∈ V fn(s) ∩ C with c ⊥ d and |Vc ∩ C | = |Vd ∩ C | = ω1 (by the previous
lemma). We can suppose also that l(c) = l(d) is a successor ordinal. Deﬁne fn+1(s0) = c and fn+1(s1) = d.
Now we deﬁne f : 2ω → C such that, if s ∈ 2ω , then f (s) = c for some c ∈⋂n1(V fn(sn) ∩ C). Note that there is such c
because the family has the ﬁnite intersection property and all its elements are closed in the compact set C . Note that f is
injective and { f (s): s ∈ 2ω} is an antichain, which is a contradiction to the fact that T has no uncountable antichains. 
Corollary 4.6. If T is a Suslin tree, then for any discrete subspace D ⊂ T , D is σ -compact (actually, it is countable) but T is not
σ -compact.
A similar result, but assuming CH instead of the existence of a Suslin tree, was shown in [1]. Thus, the non-discrete
reﬂexion of σ -compactness is independent of CH. We actually prove in the next section the same result in ZFC. We left this
result here because the ideas in its proof are used in many of our examples.
We will now use some ideas from the previous example to get another one, assuming that there is a strongly inaccessible
cardinal. The result is already known, with the same extra assumptions (see [3]), but it seems that the example presented
here is simpler.
Proposition 4.7. Let T be a κ-Suslin tree with κ a strongly inaccessible cardinal. Then |sT | = κ and for each discrete D ⊂ sT , |D| < κ .
Proof. Note that F(sT ) = ⋃ξ<κ Aξ , where Aξ = {t ∈ F(sT ): there is (tη)η<ξ ⊂ ↓Lξ (T ) such that t = sup tη}. Since
|Lξ (T )| < κ and 2|Lξ (T )| < κ , we can see that |Aξ | < κ . Thus |F(sT )|  κ and |sT |  κ . Let D ⊂ sT be a discrete sub-
space. We have |D| < κ , so D ⊂ ↓Lξ (sT ) for some ξ < κ . Hence we have |D| < κ (because, since |↓Lξ (T )| < κ , we have
|↓Lξ (sT )| 2|↓Lξ (T )| < κ ). 
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discrete subspace D ⊂ X with |D| = |X |.
In [1] it is shown that if we assume CH, then there is a compact space X such that for any discrete subspace D ⊂ X
we have D is metrizable but X itself is not. In the same paper, it is shown that if we assume MA+ ¬CH then there is no
such example: it is true that for any compact space X , if every discrete subspace D ⊂ X , D is metrizable, then X is also
metrizable.
Here we will show that if we assume that there is a Suslin tree, then we have the same result as if we assume CH.
Proposition 4.9. Let T be a Suslin tree. Then sT is a compact non-metrizable space such that for any discrete subspace D ⊂ sT is such
that D is metrizable.
Proof. It is easy to see that sT is not separable and hence it is not metrizable. Now let D ⊂ sT be a discrete subspace. Since
D is countable, we have D ⊂ Lξ (sT ) for some ξ < ω1. Note that Lξ (sT ) ∩ {t ∈ sT : l(t) is a successor ordinal} is countable.
Since our deﬁnition for the basic open sets of sT just uses ﬁnite subsets of {t ∈ sT : l(t) is a successor ordinal}, there are only
countable many basic open sets for Lξ (sT ). Thus, D is second countable and, by the previous theorem, it is metrizable. 
5. Some notes about L-spaces and discrete reﬂection
In this section we will prove that two properties are not discretely reﬂexive, namely the cardinality of the space and
the σ -compactness. The example is Tychonoff and this answer two questions in [1]. The example used is a left-separated
L-space. I wish to thank Lubomyr Zdomsky for suggesting me to look at this kind of space.
Deﬁnition 5.1. A regular space is said to be an L-space if it is hereditarily Lindelöf and it is not hereditarily separable.
Deﬁnition 5.2. A space X is said to be left-separated if there is a well-ordering of it (xξ )ξ<κ = X such that for every η < κ
the set {xξ : ξ < η} is closed.
Let M be the Tychonoff space constructed by Justin Moore in [8]. It is well known that if X is an L-space, then it has a
left-separated subspace of type ω1 (see e.g. [12]). Clearly, such space has to be an L-space too. So, there is a left-separated
L-space in ZFC of cardinality ω1. Such a space has to be Tychonoff, being a subspace of M .
Now we will prove that there is a Tychonoff uncountable space such that the closure of every discrete subset is countable.
We also prove that σ -compactness is not discretely reﬂexive for Tychonoff spaces.
Proposition 5.3. Let X be a Tychonoff left-separated L-space with order type ω1 . Then every discrete D ⊂ X is such that |D| < |X |.
Proof. Since X is hereditarily Lindelöf, every discrete D is countable. Thus, since X is left-separated and has cardinality ω1,
every discrete D is such that |D| = ω. 
Corollary 5.4. The property of being uncountable is not discretely reﬂexive for Tychonoff spaces.
Proposition 5.5. Let X be a Tychonoff left-separated L-space with order typeω1 . Then, for every discrete D ⊂ X the set D is σ -compact
but X is not σ -compact.
Proof. First note that by Proposition 5.3, every discrete D ⊂ X is such that |D| = ω. So D is σ -compact.
We will show that if C ⊂ X is compact, then C is countable. Note that this proves our result because |X | = ω1. Let
C ⊂ X be an uncountable compact space. Since X is left-separated, C cannot be separable. Thus C is a compact L-space. But
by [5], every left-separated compact space is scattered, so the set of all the isolated points of C is dense in C . Since C is not
separable, C has ω1 isolated points. But this contradicts the fact that C is hereditarily Lindelöf. 
Corollary 5.6. The property of being σ -compact is not discretely reﬂexive for Tychonoff spaces.
6. The space X(T )
In this section we will, given a tree, construct a certain topological space. This construction, depending on the tree we
begin with, will give examples with different properties. The examples will be discussed in the next sessions. Part of the
idea for this construction was taken from [2].
Let T be a tree with the CW topology. To deﬁne the space X(T ), ﬁrst consider the space ω × sT with the product
topology. Given X ⊂ ω × sT and n ∈ ω we will use X |n for the set {a ∈ sT : (n,a) ∈ X} and X  n for the set X ∩ ({n} × sT ).
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we have:
(i) F0 = ω × sT ;
(ii) Fξ |n ∈ {Vt ,∅} with l(t) = ξ + 1;
(iii) Fξ |n = ∅ at most for ﬁnitely many n’s;
(iv) For every ξ < η < ω1 , the set {n ∈ ω: Fη|n 	⊂ Fξ |n} is ﬁnite.
Proof. First note that property (ii) implies that Fξ is a clopen subset of ω × sT . Let t ∈ sT be such that l(t) = 2. Deﬁne F1
such that F1|n = Vt for every n ∈ ω. Now assume that we have deﬁned Fη for every η < ξ . Let (Hn)n∈ω be an enumeration
for {Fη: η < ξ}. Let n(0) be such that for each m n(0), H0|m 	= ∅. Deﬁne by induction (n(k))k∈ω such that n(k) < n( j) ∈ ω
if k < j and
(a) for every m n(k), Hk|m 	= ∅;
(b) there is a j  k such that for every m n(k), H j |m ⊂ Hn|m for every n k.
To see that we can construct the n(k)’s with these properties, it is enough to note that we have (iii) for the Hn ’s so we can
obtain (a), and that we have (iv) for the ﬁrst k Hi ’s. Hence it is enough to pick as H j the Fξ with the largest index among
the ﬁrst k-many Hi ’s. We will now deﬁne Fξ . If n < n(0), we deﬁne Fξ |n = ∅. If n(k)  n < n(k + 1), we take Fξ |n = Vt
where l(t) = ξ + 1 and t ∈ H j |n (here H j is the one in (b)). Note that we can take such t by the induction hypothesis
over H j . 
Now we are ready to construct X(T ). Let X(T ) be the space
(ω × sT ) ∪˙ (ω1  {0}).
The topology on X(T ) is the one generated by:
(i) ω × sT is an open subset;
(ii) if 0< ξ < ω1, then a local base for ξ is{
]η, ξ ] ∪
⋃
kn
(
(Fη  Fξ )  k
)
: η < ξ, n ∈ ω
}
.
Note that this is indeed a base since we have property (iv) of Lemma 6.1.
Proposition 6.2. If T is an ω1-tree without branches of length ω1 , then X(T ) is
(i) ﬁrst countable;
(ii) Hausdorff ;
(iii) zero-dimensional;
(iv) ω × sT = X(T ).
Proof. (i) Immediate.
(ii) Let x 	= y ∈ X(T ). We have three cases. If x, y ∈ ω × sT , it is easy. If x = ξ < ω1 and y = (n, t) ∈ ω × sT , just pick
{n} × U , where U is a neighborhood of t in sT and ]η, ξ ] ∪⋃kn+1((Fη  Fξ )  k) for some η < ξ . If x < y < ω1, just pick]η, x] ∪⋃kn((Fη  Fx)  k) and ]x, y] ∪⋃kn+1((F y  Fx)  k) as neighborhoods for x and y, respectively.
(iii) Just note that every Fη  Fξ , for η < ξ , is a clopen subset and hence so is (Fη  Fξ )  n for every n < ω.
(iv) Immediate. 
7. Discretely generated spaces and pseudo-radiality
In this section we will construct an example of a space that is compact and pseudo-radial but is not discretely generated.
Other examples of such spaces can be found in [1] and [2], both assuming CH. Here we will present an example assuming
that there is a Suslin tree. It is still open if it is possible to obtain such example in ZFC. We will use the previous construction
of X(T ) where T will be a Suslin tree.
We begin with some basic deﬁnitions.
Deﬁnition 7.1. Let X be a topological space. We say that X is discretely generated if for any A ⊂ X and x ∈ A there is
a discrete D ⊂ A such that x ∈ D . We say that X is radial if for any A ⊂ X and x ∈ A  A there is a transﬁnite sequence
in A that converges to x. We say that X is pseudo-radial if for any non-closed A ⊂ X , there is x ∈ A  A such that there is
a transﬁnite sequence in A that converges to x.
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discrete subspaces.
Proof. Note that sT is full and that every branch of sT is a branch of T with one more element. Hence sT has no branches
of length ω1. Since T ⊂ sT  F(sT ), we have from Propositions 3.2 and 3.3 that sT does not have uncountable discrete
subspaces. 
The next result can be found in [1].
Lemma 7.3. Let X be a compact, Hausdorff, topological space. If for any discrete subspace D ⊂ X the set D is pseudo-radial, then X is
pseudo-radial.
Deﬁnition 7.4. Let X be a topological space and A ⊂ X . We say that x ∈ X is a remote point for A if for any discrete subspace
D ⊂ A then x /∈ D .
Theorem 7.5. If there is a Suslin tree, then there is a topological space X such that X is compact, Hausdorff, zero-dimensional and
pseudo-radial, but it is not discretely generated.
Proof. Let T be a Suslin tree. Let X = X(T ) ∪˙ {ω1}. We deﬁne a topology on X by extending the topology of X(T ) to ω1,
taking as a local base for ω1 the family{
]ξ,ω1] ∪
⋃
kn
Fξ  k: ξ < ω1, n ∈ ω
}
.
Let us show that X has the desired properties:
X is Hausdorff and zero-dimensional. Let p ∈ ω × sT . So there is n ∈ ω such that p = (n, t) for some t ∈ sT . Note that n × sT
and ]ξ,ω1] ∪⋃kn+1 Fξ  k are disjoint neighborhoods for p and ω1, respectively. Let 0 < ξ < ω1. Note that ]η, ξ ] ∪⋃
kn((Fη  Fξ )  k) and ]ξ,ω1] ∪
⋃
kn Fξ  k are disjoint neighborhoods for ξ and ω1, respectively. With this and
Proposition 6.2 we have the result.
ω1 is a remote point for ω × sT . Let D ⊂ ω × sT be a discrete subspace. Thus, by Proposition 7.2, the set D|n is countable for
every n ∈ ω, hence D is countable. Let ξ < ω1 be such that for any a ∈ D  n for some n, the ordinal l(a) < ξ . Note that
Fξ ∩ D = ∅.
X is not discretely generated. This follows immediately from the fact that ω1 ∈ ω × sT , but ω1 is a remote point for ω × sT .
X is compact. Let Y ⊂ X . We will prove that Y has a complete accumulation point in X . If |Y ∩ (ω1 + 1)| = |Y |, we are done
because ω1 + 1 is compact. Thus we can assume that Y ⊂ X . By way of contradiction, assume that Y has no complete
accumulation point in ω × sT . Hence we have |Y  n| < |Y | for every n ∈ ω (since (ω × sT )  n is compact). Assume also
that ω1 is not a complete accumulation point of Y . Then there is an Fξ such that |Fξ ∩ Y | < |Y |. Let ξ < ω1 be the least
one with this property. Note that ξ > 0 by (i) of Lemma 6.1 and that |(Fη  Fξ ) ∩ Y | = |Y | for all η < ξ . Thus ξ is an
accumulation point for Y .
X is pseudo-radial. By Lemma 7.3, it is enough to show that if D ⊂ X is a discrete subspace, then D is radial. Let D ⊂ X be
a discrete subspace and E ⊂ D be a non-closed subset. Pick x ∈ E  E . Note that if x 	= ω1 then χ(x, X) = ω, so there is
a sequence in E that converges to x. If x = ω1, since we have E ∩ X ⊂ D ∩ X and ω1 is a remote point for X , we have
x /∈ E ∩ X . Thus, x ∈ E ∩ ω1 and, because ω1 is radial, we have the result. 
8. ω-boundedness and strong ω-boundedness
In this section we will use the previous construction of X(T ) but this time we will use an Aronszajn tree. This will
produce a space that is ω-bounded but it is not strongly ω-bounded, answering a question of Nyikos in [9] and [11].
I wish to thank Prof. Nyikos for pointing out to me that this construction would work for his question.
Deﬁnition 8.1. Let X be a topological space. We say that X is ω-bounded if for every countable Y ⊂ X the set Y is compact.
We say that X is strongly ω-bounded if for every σ -compact Y ⊂ X the set Y is compact.
Theorem 8.2. There is a ﬁrst countable space that is ω-bounded but is not strongly ω-bounded.
Proof. Let T be an Aronszajn tree and X = X(T ). We will prove that X is the desired space. Let C ⊂ X be a countable
subset. We will show that C is compact.
Let Y ⊂ C be an inﬁnite set. We will show that Y has a complete accumulation point. Note that we can suppose
Y ⊂ ω × sT and that every p ∈ (ω × sT ) ∩ C is not a complete accumulation point for Y . Since {n} × sT is a compact
782 L.F. Aurichi / Topology and its Applications 156 (2009) 775–782space, we can also suppose that ({n}× sT )∩ Y 	= ∅ for inﬁnitely many n’s. Thus, for each n ∈ ω such that ({n}× sT )∩ Y 	= ∅,
let pn ∈ ({n} × sT ) be a complete accumulation point for ({n} × sT ) ∩ Y if there is any, or be any point in ({n} × sT ) ∩ Y
otherwise. Let Z be the set of all pn ’s. Since C is countable, there is an η < ω1 such that (ω × sT ) ∩ Y ⊂ ω × ↓Lη . So we
can take ξ = min{α < ω1: |Fα ∩ Z | < ω} (by Lemma 6.1). We will show that ξ is a complete accumulation point for Y . Note
that if for every n, Vn is a neighborhood of pn , then∣∣∣∣
⋃
pn∈Z
Vn ∩ Y
∣∣∣∣=
∣∣Y ∩ (ω × sT )∣∣. (2)
Recall that every neighborhood of ξ is of the form{
]η, ξ ] ∪
⋃
kn
(
(Fη  Fξ )  k
)
: η < ξ, n ∈ ω
}
.
By the minimality of ξ , only ﬁnitely many pn ’s can be outside of each neighborhood. Thus each neighborhood of ξ is
a neighborhood of all but ﬁnitely many pn ’s. Hence, by (2) and by the fact that none of the pn ’s is a complete accumulation
point for Y , ξ is a complete accumulation point for Y . 
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